We study (h)-minimal configurations in Aubry-Mather theory, where h belongs to a complete metric space of functions. Such minimal configurations have definite rotation number. We establish the existence of a set of functions, which is a countable intersection of open everywhere dense subsets of the space and such that for each element h of this set and each rational number α, the following properties hold: (i) there exist three different (h)-minimal configurations with rotation number α; (ii) any (h)-minimal configuration with rotation number α is a translation of one of these configurations.
Introduction
Let Z be a set of all integers. A configuration is a bi-infinite sequence x = (x i ) i∈Z ∈ R Z . The set R Z will be endowed with the product topology and the partial order defined by x < y if and only if x i < y i for all i ∈ Z.
We have an order-preserving action T :
x, y ∈ R Z , y i = x i−k1 + k 2 ∀i ∈ Z.
(1.1) Let x, y ∈ R Z . We say that y is a translation of x if there is n = (n 1 ,n 2 ) ∈ Z 2 such that y = T n x. Let h : R 2 → R 1 be a continuous function. We extend h to arbitrary finite segments (x j ,...,x k ), j < k, of configurations x ∈ R Z by h x j ,...,x k :=
(1.2)
We assume that h has the following properties [3, 4] :
(H1) for all (ξ,η) ∈ R 2 , h(ξ + 1,η + 1) = h(ξ,η); (H2) lim |η|→∞ h(ξ,ξ + η) = ∞ uniformly in ξ; (H3) if ξ 1 < ξ 2 and η 1 < η 2 , then h ξ 1 ,η 1 + h ξ 2 ,η 2 < h ξ 1 ,η 2 + h ξ 2 ,η 1 ; (1.3) (H4) if (x −1 ,x 0 ,x 1 ) = (y −1 , y 0 , y 1 ) are (h)-minimal segments and x 0 = y 0 , then
A configuration x ∈ R Z is (h)-minimal if, for each pair of integers j and k satisfying j < k and each finite segment {y i } k i= j ⊂ R 1 satisfying y j = x j and y k = x k , the inequality h(x j ,...,x k ) ≤ h(y j ,..., y k ) holds. Denote by ᏹ(h) the set of all (h)-minimal configurations. It is known that the set ᏹ(h) is closed [2, 3] .
The notion of global minimizers ((h)-minimal configurations in the present paper) is crucial to the Aubry-Mather theory. The works by Aubry and Mather were begun independently and with different motivations but led to similar results by different methods. While Mather [12] studied area-preserving annulus mappings as they occur as section mappings for Hamiltonian systems of two degrees of freedom, Aubry [1] investigated certain models of solid state physics related to dislocations in one-dimensional crystals. For more details on Aubry-Mather theory, see [1, 2, 3, 4, 12, 13, 14, 15, 18, 19] . For the usage of the notion of global minimizers in the related topics of calculus of variations, partial differential equations, and geometry, see also [3, 4, 5, 6, 7, 8, 10, 11, 16, 17, 20, 21] .
We briefly review the definitions, notions, and some basic results from Aubry-Mather theory [2, 3] . 
Remark 1.3. Assume that h = h(ξ 1 ,ξ 2 ) ∈ C 2 (R 2 ) and (∂ 2 h/∂ξ 1 ∂ξ 2 )(u,v) < 0 for all (u,v) ∈ R 2 . It is not difficult to show that (H3) and (H4) hold. Moreover, we can show that if h ∈ C 2 (R 2 ), then (H3) holds if and only if (u,v) ∈ R 2 :
is an everywhere dense subset of R 2 .
We have the following result [ 
Remark 1.5. We call α (h) (x) the rotation number of x ∈ ᏹ(h).
For each α ∈ R 1 , define
We study ᏹ(h,α) with rational α ∈ R 1 . Let a rational α = p/q be an irreducible fraction, where q ≥ 1 and p are integers. Denote by ᏹ per (h,α) the set of all periodic (h)-minimal configurations
For the proof of the following result, see [2, 3] .
Two elements of ᏹ per (h,α) are called (h)-neighboring if there does not exist an element of ᏹ per (h,α) between them. The following two propositions describe the structure of the set ᏹ(h,α). For their proofs, see [3] . Proposition 1.7. Suppose that x − < x + are (h)-neighboring elements of the set ᏹ per (h,α). Then there exist y (1) , y (2) ∈ ᏹ(h,α) such that
(1.9)
Suppose that x − < x + are (h)-neighboring elements of ᏹ per (h,α). Define
(1.10)
We denote by ᏹ + (h,α) (resp., ᏹ − (h,α)) the union of the sets ᏹ + (h,α,x − ,x + ) (resp., ᏹ − (h,α,x − ,x + )) extended over all pairs of (h)-neighboring elements x − <x + of ᏹ per (h,α).
Let k ≥ 2 be an integer. In this paper, we consider a complete metric space of functions h : R 2 → R 1 which belong to C k (R 2 ). This space is defined in Section 2 and is denoted by M k . We establish the existence of a set Ᏺ ⊂ M k which is a countable intersection of open everywhere dense subsets of M k and such that for each h ∈ Ᏺ and each rational α = p/q with p and q relatively prime, the following properties hold:
(i) there exist (h)-minimal configurations x (+) , x (−) , and x (0) with rotation number α such that
i for all integers i; (ii) any (h)-minimal configuration with rotation number α is a translation of one of the configurations x (+) , x (−) , and x (0) .
Spaces of functions
Let k ≥ 2 be an integer.
(2.1)
Denote by M k the set of all h ∈ C k (R 2 ) which have the property (H1), satisfying
and have the following property: (H5) there exist δ h ∈ (0,1) and c h > 0 such that
Clearly (H5) implies (H2). Denote by M k0 the set of all h ∈ M k such that
For each N, > 0, we set
for each q ∈ {0, ...,k} 2 satisfying |q| ≤ k and each x 1 ,x 2 ∈ R 2 satisfying x 1 , x 2 ≤ N It is not difficult to see that the uniformity determined by the base E k (N, ), N, > 0, is metrizable (by a metric d k ) and complete [9] . For the set M k , we consider the topology induced by the metric d 2 , which is called the weak topology, and the topology induced by the metric d k , which is called the strong topology.
The following result shows that a generic function in M k belongs to M k0 and by Remark 1.3 has the properties (H1), (H2), (H3), and (H4). Proof. For h ∈ M k and γ ∈ (0,1), define h γ :
It is easy to see that for h ∈ M k and γ ∈ (0,1), h γ ∈ M k0 and
8)
and h γ → h as γ → 0 + in the strong topology. Let f ∈ M k , let γ ∈ (0,1), and let i ≥ 1 be an integer. By (2.5) and (2.8), there exists an open neighborhood ᐁ( f ,γ,i) of f γ in M k with the weak topology such that the following property holds: (P1) for each g ∈ ᐁ( f ,γ,i) and each (ξ 1 ,ξ 2 ) ∈ R 2 satisfying |ξ 1 |, |ξ 2 | ≤ i, the inequality ∂ 2 g/∂x 1 ∂x 2 (ξ 1 ,ξ 2 ) ≤ −γ holds.
Clearly, Ᏺ 0 is a countable intersection of open (in the weak topology) everywhere dense (in the strong topology) subsets of M k . We will show that Ᏺ 0 ⊂ M k0 . Let h ∈ Ᏺ 0 , (ξ 1 ,ξ 2 ) ∈ R 2 . Choose a natural number n such that |ξ 1 | + |ξ 2 | < n. There exist f ∈ M k , γ ∈ (0,1), and an integer i ≥ n such that h ∈ ᐁ( f ,γ,i). It follows from property (P1) and the choice of n that (∂ 2 h/∂x 1 ∂x 2 )(ξ 1 ,ξ 2 ) ≤ −γ. Therefore, h ∈ M k0 . This completes the proof of Theorem 2.2.
The main results
We will prove the following result. It is not difficult to see that Theorem 3.1 implies the following result. Our goal is to prove Proposition 3.3. Proposition 3.4 is proved analogously.
Preliminary results for assertion (1) of Theorem 3.1
Let m ≥ 1 be an integer. Consider the manifold (R 1 /Z) m and the canonical mapping P m : R m → (R 1 /Z) m . We have the following result [21, Proposition 6.2]. Let Ω be a closed subset of R 1 /Z. Then there exists a nonnegative function
In this section, we assume that k ≥ 2 is an integer and α = p/q is an irreducible fraction, where q ≥ 1 and p are integers. 
holds.
Proof. By (H5), there exist δ 0 ∈ (0,1) and c 0 > 0 such that
Choose a positive number 1 for which
and a positive number 0 < 1 which satisfies
and that (4.2) holds. By (2.5) and (4.7) for every (z 1 ,z 2 ) ∈ R 2 , f z 1 ,z 2 − g z 1 ,z 2 < 0 + 0 max f z 1 ,z 2 , g z 1 ,z 2 .
(4.8)
It follows from (4.6), (4.8), and Lemma 2.1 that for every (z 1 ,z 2 ) ∈ R 2 ,
(4.9)
Formulas (4.4) and (4.9) imply that for every (z 1 ,z 2 ) ∈ R 2 ,
It follows from (4.4), (4.9), (4.10), and (4.11) that for i = n 1 ,...,n 2 − 1,
(4.12)
698 Generic uniqueness of minimal configurations By these inequalities, (4.2), (4.5), and (4.11),
This completes the proof of Proposition 4.3.
Then
Proof. We assume the converse. Then, there exist integers i 1 < i 2 and a sequence
It follows from (4.14), (4.15), (4.16), (4.17), and the continuity of f that Formulas (4.14) and (4.18) imply that the sequences
are bounded. It follows from this fact, Proposition 4.3, and the equality f = lim n→∞ f n in the weak topology that
(4.20)
Formulas (4.18) and (4.20) imply that
There is an integer n 0 ≥ 1 such that for each integer n ≥ n 0 ,
This fact contradicts the ( f n )-minimality of x (n) for all n ≥ n 0 . The contradiction we have reached proves Proposition 4.5.
Proposition 4.6. Let f ∈ M k0 , f n ∈ M k0 , n = 1,2,..., lim n→∞ f n = f in the weak topology, x (n) ∈ ᏹ per ( f n ,α), n = 1,2,..., and let the sequence {x (n) 0 } ∞ n=1 be bounded. Then the following assertions hold:
(1) there exist x ∈ R Z and a strictly increasing sequence of natural numbers {n j } ∞ j=1 such that
is a strictly increasing sequence of natural numbers such that (4.23) and (4.24) hold. Then x ∈ ᏹ per ( f ,α) and
(4.25)
Proof. By Proposition 1.4, the sequence {x (n)
This fact implies that there exist a strictly increasing sequence of natural numbers {n j } ∞ j=1 and x ∈ R Z such that (4.23) and (4.24) are valid. Therefore, assertion (1) is true.
We will prove assertion (2) . Assume that x ∈ R Z and {n j } ∞ j=1 is a strictly increasing sequence of natural numbers such that (4.23) and (4.24) hold. By Proposition 4.5 and (4.23), x ∈ ᏹ per ( f ,α). Since lim n→∞ f n = f in the weak topology, it follows from Corollary 4.4 that the sequence {E α ( f n )} ∞ n=1 is bounded from above. Therefore, the se-
is also bounded from above. It follows from this fact, the equality lim n→∞ f n = f in the weak topology, and Proposition 4.3 that
By (4.1), (4.23), (4.24), (4.26), and Corollary 4.4, Proposition 4.8. Assume that f ∈ M k0 and that the following property holds: If x (1) ,x (2) ∈ ᏹ per ( f ,α), then there exists n = (n 1 ,n 2 ) ∈ Z 2 such that x (2) = T n x (1) . Then there existsn = (n 1 ,n 2 ) ∈ Z 2 such that for each x ∈ ᏹ per ( f ,α),
Formula (4.29) implies that the set
is either finite or empty. Therefore, there existsx + ∈ ᏹ per ( f ,α) such that
There existsn = (n 1 ,n 2 ) ∈ Z 2 such that Then
where −n = (−n 1 ,−n 2 ). It follows from (4.36), (4.33), and (4.32) that
x < T −n y < Tn T −n x = Tnx =x + , (4.37) a contradiction (see (4.31)). Therefore,
This completes the proof of Proposition 4.8.
Corollary 4.9. Assume that f ∈ M k0 and that the following property holds: If x (1) ,x (2) ∈ ᏹ per ( f ,α), then there exists n = (n 1 ,n 2 ) ∈ Z 2 such that T n x (1) = x (2) . Then there exists a number κ > 0 such that for each x,x + ∈ ᏹ per ( f ,α) satisfying
39)
the inequality
and > 0. Then there exists a neighborhood ᐁ of f in M k with the weak topology such that for each g ∈ ᐁ ∩ M k0 and each
Proof. We assume the converse. Then there exist a sequence { f j } ∞ j=1 ⊂ M k0 satisfying lim j→∞ f j = f in the weak topology and a sequence x ( j) ∈ ᏹ per ( f j ,α), j = 1,2,..., such that for each natural number j and each n = (n 1 ,n 2 ) ∈ Z 2 , sup x 
This fact contradicts (4.41). The contradiction we have reached proves Proposition 4.10.
Preliminary results for assertion (2) of Theorem 3.1
In this section, we assume that k ≥ 2 is an integer and α = p/q is an irreducible fraction, where q ≥ 1 and p are integers. Assume that f ∈ M k0 ,
By Corollary 4.9, there exists a number κ > 0 such that
for each x,x + ∈ ᏹ per ( f ,α) which satisfy (4.39).
Lemma 5.1. Let ∈ (0,κ/2). Then there exists a neighborhood ᐁ of f in M k0 with the weak topology such that the following property holds: For each g ∈ ᐁ ∩ M k0 and each y ∈ ᏹ per (g,α), there exists a unique x ∈ ᏹ per ( f ,α) such that
(5.5)
Proof. By Proposition 4.10, there exists a neighborhood ᐁ of f in M k with the weak topology such that the following property holds: for each g ∈ ᐁ ∩ M k0 and each y ∈ ᏹ per (g,α), there exists x ∈ ᏹ per ( f ,α) such that (5.5) holds.
To complete the proof of the lemma, it is sufficient to show that x (1) = x (2) . Assume the contrary. We may assume without loss of generality that x (1) < x (2) . By our choice of κ (see (5.4 ) and (4.39)) and Proposition 4.8,
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On the other hand, it follows from (5.6) that for all i ∈ Z,
a contradiction. The contradiction we have reached proves Lemma 5.1.
Lemma 5.2. Let ∈ (0,κ/2) and let a neighborhood ᐁ of f in M k with the weak topology be as guaranteed in Lemma 5.1. Assume that g ∈ ᐁ ∩ M k0 , y (1) , y (2) ∈ ᏹ per (g,α), y (1) < y (2) , (5.9) z ∈ ᏹ per (g,α) : y (1) < z < y (2) = ∅, (5.10)
Then either x (1) = x (2) or
Proof. Assume that x (1) = x (2) . Formulas (5.9) and (5.11) imply that for all i ∈ Z,
It follows from this inequality, (5.4), and Proposition 4.8 that x (1) < x (2) . To complete the proof of the lemma, we need to show that the set
We assume the converse. Then, by Proposition 4.8, there exists x (3) ∈ ᏹ per ( f ,α) such that
It follows from Proposition 4.8, (5.15), and our choice of κ (see (5.4 ) and (4.39)) that 
Analogously, it follows from (5.11), (5.16), (5.17) , and (5.18) that for all i ∈ Z,
Therefore, y (1) < y (3) < y (2) . This fact contradicts (5.10). The contradiction we have reached proves Lemma 5.2.
We say that y is regular with respect to ( ,g) if there exist x − ,x + ∈ ᏹ per ( f ,α) such that
We assume that there exists x ∈ ᏹ + ( f ,α) such that
x < x <x + , (5.23)
ᏹ + ( f ,α) = T n x : n = n 1 ,n 2 ∈ Z 2 . (5.24)
Lemma 5.4. Let a neighborhood ᐁ of f in M k with the weak topology be as guaranteed in Lemma 5
, lim n→∞ f n = f in the weak topology, and that x (n) ∈ ᏹ + ( f n ,α) is regular with respect to (κ/4, f n ), n = 1,2,.... Then there exist a strictly increasing sequence of natural numbers{n j } ∞ j=1 and a sequence s ( j) = (s ( j) such that
Since f n ∈ ᐁ, it follows from the definition of ᐁ and Lemma 5.1 that there exist unique z (n − ) ,z (n + ) ∈ ᏹ per ( f ,α) such that
Since x (n) is regular with respect to (κ/4, f n ), we have
Since lim n→∞ f n = f in the weak topology, it follows from Lemma 5.1 that
It follows from (5.1), (5.2), (5.3), (5.31), and Proposition 4.8 that there is l ∈ Z 2 such that z (n − ) = T lx and z (n + ) = T lx + . We may assume without loss of generality that z (n − ) =x, z (n + ) =x + , n = 1,2,.... (5.33) It follows from (5.30), (5.33) , and the definition of κ (see (5.4 ) and (4.39)) that for any integer n ≥ 1 and any integer i,
Let n ≥ 1 be an integer. It follows from (5.28), (5.29), and (5.35) that there exists an integer t n such that
By using translations, we may assume without loss of generality that t n ∈ [0, q]. (5.37) Formulas (5.28), (5.30), and (5.33) imply that for all integers n ≥ 1 and all i ∈ Z,
706 Generic uniqueness of minimal configurations Therefore, for any i ∈ Z, the sequence {x (n) i } ∞ n=1 is bounded. Together with (5.37), this implies that there exist u ∈ R Z and a strictly increasing sequence of natural numbers
It follows from (5.28), (5.32), (5.33), and (5.39) that for all i ∈ Z,
By Proposition 4.5, u ∈ ᏹ( f ). Since x (n) ∈ ᏹ + ( f n ,α), n = 1,2,..., we have x (n) >T (q,p) x (n) , n = 1,2,.... Therefore, x (n) i > x (n) i−q + p for any integer n ≥ 1 and any integer i. Combined with (5.39), this fact implies that u i ≥ u i−q + p for all i ∈ Z and that
It follows from (5.36), (5.39), and (5.40) that Lemma 5.5. Let Q ≥ 1 be an integer and ∈ (0,κ/4). Then there exists a neighborhood ᐁ of f in M k with the weak topology such that for each g ∈ ᐁ ∩ M k0 and each y ∈ ᏹ + (g,α), one of the following properties holds:
(a) there exists n = (n 1 ,n 2 ) ∈ Z 2 such that 2 ) ∈ Z 2 , j = 1,2,..., such that (T n ( j) y (sj ) ) i → x i as j → ∞ for all i ∈ Z, a contradiction (see (d)). The contradiction we have reached proves Lemma 5.5.
Lemma 5.6. Let ∈ (0,κ/4). Then there exists a neighborhood ᐁ of f in M k with the weak topology such that for each g ∈ ᐁ ∩ M k0 and each y ∈ ᏹ + (g,α), one of the following properties holds:
Proof. Choose a positive number 0 < min 6 , κ 8 .
(5.49) By (5.1), (5.2), and (5.23), there exists a natural number Q > 8q + 8 such that
(5.51) By Lemmas 5.1 and 5.2, there exists a neighborhood ᐁ 1 of f in M k with the weak topology such that the following properties hold: (iii) for each g ∈ ᐁ 1 ∩ M k0 and each y ∈ ᏹ per (g,α), there exists a unique x ∈ ᏹ per ( f ,α) such that |x i − y i | < 0 for all i ∈ Z; (iv) let g ∈ ᐁ 1 ∩ M k0 , y (1) , y (2) ∈ ᏹ per (g,α), y (1) < y (2) , z ∈ ᏹ per (g,α) : y (1) < z < y (2) = ∅,
(5.53) By Lemma 5.5, there exists a neighborhood ᐁ of f in M k with the weak topology such that ᐁ ⊂ ᐁ 1 and that for each g ∈ ᐁ ∩ M k0 and each y ∈ ᏹ + (g,α), one of the following properties holds:
If (v) is true, then (ii) also holds. Therefore, we may assume that (v) does not hold. Then, by the definition of ᐁ and (5.54), property (vi) holds. We may assume without loss of generality that (vi) holds with m = (0,0). Thus such that 
62)
We show that x + =x + and x − =x.
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and for i = −Q, ...,−Q + 4q,
It follows from (5.62), (5.63), and (5.64) that for i = Q − 4q,...,Q, (5.65) and that for i = −Q, ...,−Q + 4q,
It follows from these inequalities, the relation Q > 8q + 8, (5.1), (5.49), (5.58) , and the definition of κ (see (5.4) and (4.39)) that It follows from (5.50 ) that 
Since y ∈ ᏹ + (g,α), it follows from (5.56), (5.57), (5.72), and (5.76) that 
and | x i − y i | < 5 0 < . Analogously, we show that (5.71) holds for all integers i < −Q. Assume that i < −Q is an integer. Then there exist integers s and j such that
By (5.55), inequality (5.73) is valid. It follows from (5.51) that Since y ∈ ᏹ + (g,α), it follows from (5.56), (5.57), (5.80), and (5.83) that
Thus, we have shown that
It follows from this inequality, (5.59), (5.70), and (5.81) that for all integers i < −Q,
This completes the proof of Lemma 5.6.
Proof of Proposition 3.3
Let k ≥ 2 be an integer and α = p/q an irreducible fraction, where q ≥ 1 and p are integers.
Let γ ∈ (0,1). Define f γ :
It is not difficult to see that f γ ∈ M k0 . It follows from (4.1), (6.1), and (6.2) that
and that
712 Generic uniqueness of minimal configurations Assume that y ∈ ᏹ per ( f γ ,α). Formulas (4.1), (6.1), (6.2), and (6.4) imply that
Since the set ᏹ per ( f γ ,α) is totally ordered, we conclude that y is a translation of x ( f ) . Thus
By Proposition 4.8 and (6.6), there exists
such that such that
Define ( f ,α) . We will show that y is a translation of x. It follows from property (a) and (6.45) that for each integer n ≥ 1, there exists m (n) = (m (n) 1 ,m (n) 2 ) ∈ Z 2 such that
By the periodicity of y and x, we may assume without loss of generality that
Then (6.46) implies that the sequence {m (n) 2 } ∞ n=1 is bounded. By extracting a subsequence, we may assume without loss of generality that m (n) = m (1) , n = 1,2,.... (6.48) Then (6.46) implies that for all integers n ≥ 1, Assume that y ∈ ᏹ + ( f ,α). We will show that y is a translation of y (0) . By the definition of ᏹ + ( f ,α), Proposition 4.8, and (6.50), we may assume without loss of generality that
x < y <x + . (6.54) By (6.45) and property (b) for each integer n ≥ 1, there exist r (n) = (r (n) 1 ,r (n) 2 ) ∈ Z 2 and l (n) = (l (n) 1 ,l (n) 2 ) ∈ Z 2 such that It follows from (6.58), (6.59), (6.60), and (6.61) that the set {l (n) 2 : n ∈ E} is bounded. Therefore, the set {l (n) : n ∈ E} is bounded. There exists an infinite set F ⊂ E such that l (n1) = l (n2) for each n (1) ,n (2) ∈ F. Combined with (6.58) and (6.59), this fact implies that |(T l y) i − x (gn) i | < (2n) −1 for all i ∈ Z and all n ∈ F with some l ∈ Z 2 . This implies that y ∈ ᏹ per ( f ,α), a contradiction. Therefore, E is finite. Since y is an arbitrary element of ᏹ + ( f ,α), the set n ∈ Z : n ≥ 1 and (6.56) holds (6.62) is finite. We may assume without loss of generality that (6.55) and (6.57) hold for any integer n ≥ 1. This fact implies that for each integer n ≥ 1, there exists j (n) = ( j (n) 1 , j (n) 2 ) ∈ Z 2 such that y i − T j (n) y (0) i < 1 n ∀i ∈ Z. Sincex + is periodic, we obtain that for any integer n ≥ 1,
(6.66) By Corollary 4.4 and (6.50), there exists κ ∈ (0,1) such that for each z (1) ,z (2) ∈ ᏹ per ( f ,α) satisfying z (1) = z (2) ,
Formulas (6.66) and (6.67) imply that for any integer n > 2κ −1 ,
∀i ∈ Z, (6.68) and that the rotation number α ofx + satisfies α = p/q = j (n) 2 / j (n) 1 . Since p/q is an irreducible fraction, we obtain that for any integer n > 2κ −1 , there is an integer a n such that a n (p, q) = j (n) .
(6.69)
We have three cases:
(1) there exists a strictly increasing sequence of natural numbers {n t } ∞ t=1 such that lim t→∞ a nt = ∞;
(2) there exists a strictly increasing sequence of natural numbers {n t } ∞ t=1 such that lim t→∞ a nt = −∞;
(3) there exists a strictly increasing sequence of natural numbers {n t } ∞ t=1 such that a nt = a n1 for all integers t ≥ 1.
Assume that case (1) holds. Then, by (6.50), (6.64), and (6.69) for any integer i, T j (n t ) y (0) i = T an t (q,p) y (0) i = y (0) i−an t q + a nt p, T j (n t ) y (0)
i −x i = y (0) i−an t q + a nt p − x i−an t q + a nt p = y (0) i−an t q −x i−an t q −→ 0 as t −→ ∞, T j (n t ) y (0)
i −x i −→ 0 as t −→ ∞, ∀i ∈ Z.
(6.70)
This contradicts (6.63). Therefore, case (1) does not hold.
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Analogously, we can show that case (2) does not hold. Indeed, assume that case (2) holds. Then, by (6.50), (6.64), and (6.69) for any integer i, T j (n t ) y (0) i = T an t (q,p) y (0) i = y (0) i−an t q + a nt p, T j (n t ) y (0)
i−an t q + a nt p − x + i−an t q + a nt p = y (0) i−an t q −x + i−an t q −→ 0 as t −→ ∞, T j (n t ) y (0)
This contradicts (6.63). Therefore, case (2) does not hold. We have shown that case (3) is valid. Then it follows from (6.63) and (6.69) that for all i ∈ Z and any integer t ≥ 1, 1 n > y i − T an t (q,p) y (0) i = y i − T an 1 (q,p) y (0) i (6.72) and y = T an 1 (q,p) y (0) . Proposition 3.3 is proved.
